We study field-driven dynamics of spins with antiferromagnetic interactions along the links of a complex substrate geometry, which is modeled by graphs of a controlled connectivity distribution. The magnetization reversal occurs in avalanches of spin flips, which are pinned by the topological constraints of the underlying graph. The hysteresis loop and avalanche sizes are analyzed and classified in terms of the graph's connectivity and clustering. The results are relevant for magnets with a hierarchical spatial inhomogeneity and for design of nanoscale magnetic devices.
We study field-driven dynamics of spins with antiferromagnetic interactions along the links of a complex substrate geometry, which is modeled by graphs of a controlled connectivity distribution. The magnetization reversal occurs in avalanches of spin flips, which are pinned by the topological constraints of the underlying graph. The hysteresis loop and avalanche sizes are analyzed and classified in terms of the graph's connectivity and clustering. The results are relevant for magnets with a hierarchical spatial inhomogeneity and for design of nanoscale magnetic devices. DOI: 10.1103/PhysRevLett.94.137204 PACS numbers: 75.60.Ej, 75.75.+a, 89.75.Da Introduction.-Reversal processes are of great importance for technological applications, e.g., in information processing and memory devices. Often hysteresis curves with particular properties are required. In this respect novel ''artificial solids,'' arrays of nanoscale magnetic particles [1] , quantum cellular automata [2] , and integrated functional nanosystems [3] offer challenging possibilities. In the classical disordered ferromagnets [4] , ferroelectrics [5] , and systems with structural transformations [6] the reversal processes are related with the motion and pinning of the domain walls, which are manifested as avalanches. The distribution of avalanches and time series of the magnetization bursts (generalized Barkhausen noise) exhibits universal scaling features, which can be used for the diagnostics of the underlying domain structure. The pinning of the domain walls is visualized as an effect of random disorder on a perfect crystal lattice, commonly modeled by quenched random fields [7] . Despite a lot of theoretical effort [7] , the exact role of disorder in the emergent universality of the noise has not yet been fully understood [8] . A variety of domain forms have been observed in the reversal processes in ferroelectrics with a low crystal symmetry and long-range elastic forces [9] .
In contrast to crystalline solids, the patterned nanoscale magnetic structures can be assembled in various geometries, virtually unrestricted by a crystal symmetry [3] . These structures are appropriately described by mathematical objects known as graphs (or networks). In recent years the importance of network structures, in particular, scale-free networks, was recognized in all branches of science [10 -12] . The research begins now to unravel the role of structure in the network function. In the dynamic processes on networks new phenomena are discovereddynamic motifs and autocatalytic cycles [13] , as well as a dramatic increase of the transport efficiency as a consequence of the network structural complexity [14] . In the solid-state spin networks the nodes are decorated by spins, representing the electron spins confined in the nanoscale ferromagnetic building blocks. Some recently studied examples are the nanotube based ferromagnetic heterostructures [15] , which are formed by self-assembly processes. In general, the magnetostatic interactions between neighbor nanoparticles and their shape anisotropy allow both ferromagnetic and antiferromagnetic coupling within nanoarrays [16] . Currently methods are being developed for patterning, defining, and measuring the magnetic properties at nanometer scale [17] and the theoretical study of these systems [18] . However, the full impact of the assembly processes and the emergent geometries on physical properties of the integrated nanoscale systems remains yet to be understood.
In this Letter we study the reversal processes in complex spin networks modeled by graphs of a controlled structure. We assume antiferromagnetic interactions between spins along the network links. When the system is slowly driven by the external field, the avalanches of spin flips occur due to topological constraints of the network. We find numerically evidence of the hysteresis-loop criticality which can be explained in terms of the structural properties of the network without disorder.
Structure.-Our model of two-state spins attached to nodes of a complex network can be regarded as a model of an integrated nanosystem with a nontrivial architecture. The structure is grown by systematic addition and linking of nodes [12] . At each growth step i a node is added and linked to M nodes selected among i ÿ 1 preexisting nodes. Selection of a target node k is given by a specified probability pk; i. For pk; i 1=i ÿ 1, i.e., independent of properties of target nodes, the emergent network is known to have an exponential degree distribution. In contrast, the preferential linking, where the selection probability pk; i depends on the number of already acquired links qk; i, is shown to lead to a scale-free degree distribution [11, 12, 19] . Here we use the probability pk; i 1 qk; i=M=2i to grow scale-free networks for the purpose of this work. We restrict our discussion to the simplest complex networks for the following reasons: (i) Their structure is well understood [11, 12, 19] ; in particular, there are no hidden
week ending 8 APRIL 2005 topological properties and link correlations [19] ; (ii) Varying a single structural parameter M we tune the graph clustering property. Both scale-free network (SFN) and exponential network (EXN) have a treelike structure when M 1 (an example is shown in Fig. 1 ). For M > 1 cycles (disregarding the direction of links) can appear, which strongly depend on the linking rule. For instance, for M 5, we find the average clustering coefficient [11] as 0.2803 in SFN, and 0.0553 in EXN for a network size of N 10 3 nodes. The network sparseness and structural inhomogeneity are the feature which can affect the spin dynamics. In the two network types introduced above, the profiles of the local connectivity (number of links attached to a node) are shown in the inset to Fig. 2 , where i denotes the order of addition of the node to the network. In the case of SFN of size N the profile is given by the power-law dependence hqi; Ni / N=i , with 1=2 related to the emergent power-law degree distribution Pq / q ÿ3 (see [12, 19] for more general scaling relations). In the case of EXN we have hqi; Ni / logN=i. When M > 1 the number of the elementary triangles or clustering hii at a node i (i.e., the number of direct links among nearest-neighbors of i) also varies through the network. The clustering profiles for M 5 in SFN and EXN, exhibiting power-law tails, are also shown in the inset to Fig. 2 .
Spin dynamics.-A spin S 1 is associated with each node on the network [12, 20] . The spins interact along the links connecting neighboring nodes. We assume uniform antiferromagnetic interaction J ÿ1 and uniform external field H according to the Hamiltonian
The sum over pairs of nodes is restricted to the locally available links, which are given by the positive elements C ij of the adjacency matrix C of the graph. The interaction along these links is symmetrical. Therefore, the local field h i , which is defined in Eq. (1), varies with the local connectivity profile hqi; Ni of the graph. We start from a negative saturation state in the field H ÿH max , where H max q max is determined by the largest connectivity q max (at hub node) for each network realization, and is a small shift which prevents h i 0. The slowly increasing external field is outbalanced at some node where the interaction with other spins is the strongest. Flipping the spin at that node may launch a cascade of flips along the connections of the graph. The avalanche of flips is stopped when the energy is minimized at current field value. Then the field is increased again. This produces a stepwise increase of the magnetization with time and field, as shown in Fig. 3 , in a manner known as Barkhausen effect in systems with domain structure. Compared to the classical Barkhausen avalanches in driven disordered systems [4] [5] [6] [7] , apart from the absence of disorder, the following important differences will be pointed out: (i) Only integer values of the local fields h i occur, making the lowest driving rate H 1 finite [21] ; (ii) With the zero temperature dynamics that we use, back flips are possible due to the antiferromagnetic coupling; (iii) Disconnected avalanches may appear. We consider the number of flips before a cascade stops as a measure of the avalanche size s. The net magnetization changes may differ from the number of flips during one driving event. We define a time step as one update of the whole network. In the presence of antiferromagnetic interactions the sequential FIG. 1 (color online) . Scale-free tree with spins attached to nodes. Different colors correspond to spin-up (dark/red) and spin-down (light/yellow) orientation when the field reaches H 0 . The snapshot is taken during an avalanche. Hysteresis-loop criticality.-We first discuss in detail the case M 1, corresponding to a treelike structure. As displayed in Fig. 2 , the distributions of avalanche sizes exhibit a typical oscillatory behavior superimposed on an underlying power-law dependences, with different slopes in SFN and EXN. The characteristic peaks correspond to collective spin flips [22] on a given depth layer of the tree (cf. Fig. 1 ). In both cases the depth of a graph is proportional to D / logN (with different proportionality constants), however, the layers are more densely populated in the EXN than in the SFN. For instance, the number of spins which are directly linked to the spin at the hub node (first layer) in SFN is sixfold larger than in the EXN of the same size (cf. inset to Fig. 2 ). The population differences along layers roughly correspond to the relative positions of peaks in Fig. 2 .
Typically, spin at the hub is reversed early, and then the structure around the hub remains stable until the field reaches very high values. This is compatible with the time picture, [ Fig. 3(b) shows M 5 case] , where the magnetization increase in the SFN takes much longer time, compared with the EXN. A snapshot of the spin-up and spin-down populations corresponding to the middle of the hysteresis loop in SFN is displayed in Fig. 1 . Broad network connectivity distribution does not allow definition of magnetic sublattices, such as familiar on Bravais crystal structures. Moreover, the evolution of the density of domain walls has a characteristic profile for each network structure, as shown in Fig. 3(b) . This results in the hysteresis loop of particular properties. Figure 3(a) shows the hysteresis loop for the SFN, which is dominated by the presence of the hub: Both the extended narrow tails and the discontinuity jump at the critical field are attributed to the large connectivity of the hub node.
Comparison with driven disordered systems.-With increased clustering of networks, i.e., when the parameter M > 1, closed loops of interacting spins appear. The nearest-neighbor triangles have the largest impact on the spin dynamics, being incompatible with the antiferromagnetic interactions. This leads to the frustration of spins, a familiar concept in the theory of spin-glasses [23] . Compared to spin-glasses and other disordered systems [24] , the hysteresis loop in spin networks shows new properties that are related to the observed inhomogeneous distribution of triangles on the scale-free graph (cf. inset to Fig. 2 ). In particular, the coercive field H c of the magnetization reversal increases with the clustering on the scalefree network and a finite magnetization discontinuity persists even for very large clustering [ Fig. 3(a) ]. On the other hand, the absence of the hub nodes in a mild logarithmic profile of the EXN results in a narrow hysteresis loop and the absence of the large discontinuity for all M > 1, more similar to disordered Bravais's solids [24] . For increased clustering the cutoff decreases in the avalanche size distribution, with gradual smearing of the oscillations. The distributions approach the form that can be fitted by a stretched exponential function for M 20. Qualitatively the same behavior with different parameters was found in both types of network structures (cf. Figure 2) . In this respect, the clustering increases pinning [20] , which is reminiscent of the disorder effects in classical spin systems [7] . The distributions of avalanche durations are broad with increased cutoffs for large M. However, the overall range is short due to small depth (''small-world'' feature) of the graphs [22] .
The presence of hubs and the broad distribution of network connectivity and clustering in the scale-free spin structures lead to some unexpected behavior of the magnetization reversal: increased clustering promotes stronger pinning and shorter avalanches, but at the same time increases the coercive field and preserves a finite discontinuity in the magnetization. To understand the nature of the hysteresis-loop criticality in these systems, we expect that the sophisticated theoretical approaches [8, 25] , which are based on the analogy of the Barkhausen avalanches with the stochastic branching processes and bootstrap percolation, can be adjusted to incorporate the complex spin networks. Specifically, our numerical results in Fig. 2 suggest that true criticality (absence of cutoffs) can be proved in the case of tree structures (M 1) , where the scaling exponents of the avalanche sizes are expressible in terms of the connectivity profile as s 1 1:5 for the scalefree, and s 1 for the logarithmic, profile in the exponential tree.
Conclusions.-We have shown that on disorder-free spin networks the magnetization reversal avalanches and hysteresis-loop criticality occur due to topological inhomogeneity of the network. The characteristics of the hysteresis curves are directly determined by network's connectivity and clustering properties. Particularly appealing are the scale-free spin structures, where the clustering 
